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TOWARDS TRIGONOMETRIC DEFORMATION OF ŝl2 COSET VOA
B. FEIGIN, M. JIMBO, AND E. MUKHIN
Abstract. We discuss the quantization of the ŝl2 coset vertex operator algebra WD(2, 1;α) using the
bosonization technique. We show that after quantization there exist three families of commuting integrals of
motion coming from three copies of the quantum toroidal algebra associated to gl2.
1. Introduction
In this paper we study the trigonometric deformation of the coset algebra in the case of sl2.
Let g be a finite-dimensional semisimple Lie algebra. Fix three levels k1, k2, k3 such that
k1 + k2 + k3 = −2h
∨,(1.1)
where h∨ is the dual Coxeter number of g. By definition, the vacuum representation of the coset algebra
C(g; k1, k2, k3) is the space of semi-infinite cohomology H
∞/2(ĝ, g, Vk1⊗Vk2⊗Vk3), where Vki are the vacuum
representations of ĝ of level ki. In this paper we consider only generic k1, k2, k3 satisfying (1.1), when the
semi-infinite cohomology is non-trivial only in one dimension.
The above definition is symmetric in k1, k2, k3. A more standard definition of the coset algebra is non-
symmetric. Namely, one defines C(g; k1, k2, k3) to be the space of invariants (Vk1 ⊗ Vk2)
g⊗C[t]. Informally,
the coset algebra is the commutant of diagonal ĝ inside U ĝk1 ⊗U ĝk2 , where U ĝki is the universal enveloping
algebra of ĝ on level ki.
There is yet another definition of the coset algebra C(g; k1, k2, k3) as a subalgebra of Vk1 . For example,
in the limit k2 →∞, the coset algebra C(g; k1,∞,∞) is identified with the subalgebra of invariants (Vk1)
g.
For general k1, k2, k3 one needs to use the machinery of the screenings. This is the construction used in this
paper, so let us describe the main points.
Quite generally, given a vertex operator algebra (VOA) V and a set of fields si(z), i = 1, . . . , n, called
screening currents, one defines screenings Si =
∫
si(z)dz and the algebra V (S1, . . . , Sn) consisting of all local
fields which commute with all screenings: V (S1, . . . , Sn) = {a(z) | [a(z), Si] = 0, i = 1, . . . , n}. The algebra
V (S1, . . . , Sn) is closed under the operator product, and if it contains a Virasoro current, then it is a VOA.
Let us assume that g is simply laced. Let ĥ ⊂ ĝ be the Heisenberg algebra generated by Cartan currents
and let H be a lattice VOA of ĥ. Let si(z) = exp(c+αi(z)), i = 1, . . . , n, n = rk(g), c+ ∈ C
×, be the vertex
operators corresponding to rescaled simple roots of g. Then H(S1, . . . , Sn) =W (g) is the W-algebra which
can be alternatively obtained by the quantum Drinfeld-Sokolov reduction of U ĝ with respect to a maximal
nilpotent subalgebra n̂, see [FF1]. Consider the dual screening currents s∨i (z) = exp(−c−αi(z)), and dual
screenings S∨i =
∫
s∨i (z)dz, where c− ∈ C
× is another parameter.
Consider the algebra V˜ = Vk1 ⊗H with screening currents s˜i(z) = ei(z)si(z), s˜
∨
i (z) = fi(z)s
∨
i (z) where
ei(z), fi(z) are the ĝ currents corresponding to the positive and negative simple root vectors. Let S˜i =∫
s˜i(z)dz, S˜
∨
i =
∫
s˜∨i (z)dz be the corresponding screenings. Then [S˜i, S˜
∨
j ] = 0 and V˜ (S˜1, . . . , S˜n, S˜
∨
1 , . . . , S˜
∨
n )
is the coset algebra C(g; k1, k2, k3) together with the diagonal copy of the hˆ, where c+, c− and k2, k3 are
related by (c+)
2(k2 + h
∨) = 1, (c−)
2(k3 + h
∨) = −1.
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In particular, using the Wakimoto realization of Vk1 , see [W], [FF], we obtain a free field realization of
the coset algebra.
A similar, more involved, construction exists in the non-simply laced and in the supersymmetric cases.
On mathematically rigorous level, the correspondence between three different definitions of the coset
algebra is not fully established. For the latest results, see [ACL].
There exists a deep connection between VOAs and quantum groups. In particular, there exists a relation-
ship between the quasi-tensor category of representations of a VOA and the tensor category of representations
of a quantum group. The screening construction is a reflection of this phenomenon. In general, the screenings
which define the VOA generate (in some appropriate sense) the nilpotent part of the quantum group. In our
situation, the coset algebra is a reduction of Vk1 ⊗ Vk2 ⊗ Vk3 , therefore we expect to have screenings which
generate the nilpotent parts of three commuting quantum groups Uq(j)g with q
(j) = exp(2pii/(kj + h
∨)),
j = 1, 2, 3.
This is indeed so in the case of sl2, see [FS] and Section 2. The algebra U(ŝl2)k1 has the Wakimoto
realization through three free fields. Then there are three screening currents: s˜1(z), s˜
∨
1 (z), and the Wakimoto
screening current. These screening currents have the form θi(z) exp(θ˜i(z)), where θi(z), θ˜i(z) are free fields,
and the corresponding screenings commute. We call these screenings “bosonic”.
Given an embeddings of VOAs W1 ⊂ W2, one can ask whether it is possible to find all screenings: that
is, to find all fields s(z) in W2 such that
∫
s(z)dz commutes with W1. Unfortunately, we know no results
in this direction. However, in the present situation, we observe a dual “fermionic picture”. Namely, there
are three more screening currents which anticommute, and the corresponding screenings form the nilpotent
part of the quantum Lie superalgebra of type D(2, 1;α). The fermionic currents are simple exponentials. In
particular, we expect that the sl2 coset algebra can be obtained by the quantum Drinfeld-Sokolov reduction
from Dˆ(2, 1;α).
The next important ingredient is the description of integrable systems —the commutative subalgebras
of vertex operator algebras. Such subalgebras are also defined as commutants of a set of screenings. In
general the set of local fields commuting with all screenings may be trivial, but under certain circumstances
there exists an infinite series of descendants aj(z) of the vacuum such that Ij =
∫
aj(z)dz commute with all
screenings. The operators Ij are called local integrals of motion. In all known cases, the set of screenings
leading to an infinite set of local integrals of motion corresponds to an affine quantum group.
There exist also non-local integrals of motion given by suitable integrals of products of screening currents,
see [BLZ]. Conjecturally, the cycles of integration defining the non-local integrals of motion correspond to
elements of the center of the affine quantum group at the critical level.
In the case of sl2 this is achieved by adjoining one more fermionic screening, or three more bosonic
screenings. Four fermionic screenings correspond to nilpotent part of the quantum affine superalgebra
Dˆ(2, 1;α), and three pairs of bosonic screenings correspond to the nilpotent parts of three commuting copies
of the quantum affine algebra ŝl2. For the latest developments about the integrals of motion, see [BL],
[BKL].
In our previous papers [FJMM], [FJMM1], [FJM] we have studied the trigonometric deformation of W
algebras W sln. The advantage of deformation is that the non-local integrals of motion can be obtained
from the R-matrix formalism using quantum toroidal algebras. In particular, the non-local integrals of
motion can be described by appropriate explicit integrals, we can prove they commute and, moreover, we
can study their spectrum by the machinery of Bethe ansatz. The aim of the present paper is to discuss the
trigonometric deformation of the picture mentioned above for the coset W algebra.
We use four free fields and a three dimensional lattice to construct the following objects.
• Four fermionic screening currents which are simple exponentials. We call the corresponding screen-
ings σi, i = 0, 1, 2, 3.
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• Three pairs of bosonic screening currents which are sums of two exponential terms.The correspond-
ing screenings ρi, τi, i = 1, 2, 3, anticommute with fermionic screenings and, in addition, satisfy
[ρi, ρj ] = [τi, τj] = 0 for all i, j, and [ρi, τj ] = 0 for i 6= j.
• Three quantum affine algebras Uq(i) ŝl2 on level q
ki , i = 1, 2, 3, in Wakimoto realization. Algebra
Uq(i) ŝl2 commutes with one bosonic screening ρi and two fermionic screenings σj , j 6= i, 0. The
screening currents corresponding to ρj , j 6= i are obtained by dressing the E(z) and F (z) currents
of U
(i)
q ŝl2 by an appropriate free field.
• Three quantum toroidal gl2 algebras E2,i(q
−ki−2, q2, qki) on level qki , i = 1, 2, 3. The screening
currents corresponding to ρi and τi are obtained by dressing the currents F1(z) and F0(z) of E2,i.
• Three sets of integrals of motion Gνi,M , i = 1, 2, 3, ν = 0, 1, M ∈ Z≥1 coming from E2,i. All integrals
of motion commute among themselves.
We call the commutativity of the three sets of integrals the triality. The triality is very different from
standard duality described in [FJM2]. In some sense, the triality corresponds to the commutativity of three
sets of integrals of motion coming from the same (unknown) algebra. We expect the existence of yet another
set of integrals of motion coming from quantum toroidal D(2, 1;α) which should be in the standard duality
with the three sets of integrals described in this paper.
There are several open questions: (1) to give an explicit description of the deformed coset algebra, that
is, to construct local currents which commute with three fermionic screenings; (2) to find non-local integrals
of motion obtained from quantum toroidal D(2, 1;α); and (3) to obtain local integrals of motion. We hope
to address these issues in some other occasion.
The paper is constructed as follows. In Section 2 we recall some formulas from [FS] in the non-deformed
picture. In Section 3 we give the quantization of these formulas. We construct three actions of quantum
affine sl2 and extend them to the action of quantum toroidal gl2 in Section 4. That allows us to show that
the three integrable systems commute in Section 5. In Section 6 we discuss the connection to quantum
toroidal D(2, 1;α). The Appendices contain some technical formulas and computations.
2. W algebra WD(2, 1;α)
The W algebra WD(2, 1;α), termed also “corner-brane W algebra” [LZ], has many intriguing features.
From conformal field theory (CFT) point of view, it can be viewed as a coset theory (sl2)k1×(sl2)k2/(sl2)k1+k2
with generic parameters k1, k2. In [FS] it was identified with a quantum Hamiltonian reduction of the
exceptional affine Lie superalgebra Dˆ(2, 1;α). Algebra WD(2, 1;α) governs the CFT limit of an integrable
quantum field theory introduced in [Fa]. In a remarkable work [BL] the ODE/IM correspondence for this
CFT model was found to be related to generalized hypergeometric Opers, and was further extended to
include Fateev’s massive integrable field theory.
The aim of this section is to summarize basic aspects of WD(2, 1;α) following [FS] and motivate the
construction in the main text.
Algebra WD(2, 1;α) is realized in the Fock space of three bosonic free fields ϕi(z) = Qi + ϕi,0 log z −∑
n 6=0
ϕi,n
n z
−n (i = 1, 2, 3) satisfying [ϕi,0, Qj ] = δi,j , [ϕi,m, ϕj,n] = δi,jnδm+n,0. The total Fock space
decomposes into subspaces
H¯ =
⊕
β
H¯β , H¯β = C[ϕi,−n | n > 0, i = 1, 2, 3] ⊗ Ce
β ,
where the “momentum” β runs over the three dimensional space ⊕3i=1CQi. We shall refer to H¯β’s as
“sectors”.
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Fix complex numbers ki (i = 1, 2, 3) satisfying k1 + k2 + k3 = −4. Choose vectors ai ∈ C
3 (i = 1, 2, 3)
with scalar product
ai · ai = 1 , a1 · a2 = k3 + 1 & cycl..
Here and after we shall use the symbol “& cycl.” to imply all equations obtained by cyclically permuting the
indices (1, 2, 3). Using the vector notation ϕ(z) = (ϕ1(z), ϕ2(z), ϕ3(z)), we introduce fermionic screening
operators σi (i = 1, 2, 3) by
σi =
∫
: eai·ϕ(z) : dz .(2.1)
Next let r1 = −
1
k1+2
(a2 + a3) & cycl.. These vectors are mutually orthogonal. We introduce bosonic
screening operators ρi (i = 1, 2, 3) by
ρ1 =
∫
: (a3 ·∂ϕ(z))e
r1·ϕ(z) : dz & cycl..(2.2)
Now let α = k1/(k3 + 2). The W algebra WD(2, 1;α) is a vertex subalgebra in the vacuum sector H¯0. It
is defined either as the intersection of the kernels of σi, or that of the kernels of ρi [FS],
WD(2, 1;α) =
3⋂
i=1
Ker
(
σi
∣∣
H¯0
)
=
3⋂
i=1
Ker
(
ρi
∣∣
H¯0
)
⊂ H¯0 .
As is well known, W algebras associated with simple Lie algebras admit two descriptions in terms of quantum
groups which are Langlands dual to each other. In the present case the relevant quantum groups look
rather different. The fermionic screening operators {σi}i=1,2,3 generate the nilpotent part U
+
q
D(2, 1;α)
of the quantum group associated with the exceptional Lie superalgebra D(2, 1;α) (whence the notation
WD(2, 1;α)). In turn, the bosonic screening operators {ρi}i=1,2,3 generate U
+
q1
sl2 ⊗ U
+
q2
sl2 ⊗ U
+
q3
sl2 where
qi = exp
(
2pii/(ki + 2)
)
.
It is easy to see that WD(2, 1;α) contains the Virasoro current
T2(z) =
1
2
3∑
i=1
ki + 2
2
: ∂ri(z)
2 : +
1
2
3∑
i=1
∂2ri(z) , ri(z) = ri ·ϕ(z) ,
with central charge c = 3 −
∑3
i=1
6
ki+2
. As vertex algebra, WD(2, 1;α) is conjecturally generated by T2(z)
and a current T4(z) of spin 4. An explicit expression for T4(z) can be found in [FS], [LZ].
In order to discuss integrals of motion, we need additional screening operators. Let σ0 be given by the
same formula (2.1) with a0 = −
∑3
i=1 ai. Let further
τi =
∫
: (ai ·∂ϕ(z))e
−ri·ϕ(z) : dz
for i = 1, 2, 3. Then {σi}i=0,1,2,3 generate U
+
q
Dˆ(2, 1;α), and {ρi, τi}i=1,2,3 generate U
+
q1
ŝl2 ⊗U
+
q2
ŝl2 ⊗U
+
q3
ŝl2.
One expects that their joint kernels coincide,
3⋂
i=0
Ker
(
σi
∣∣
H¯0
)
=
3⋂
i=1
(
Ker
(
ρi
∣∣
H¯0
)
∩Ker
(
τi
∣∣
H¯0
))
,
giving a commutative algebra generated by integrals of local densities
In =
∫
Pn+1(z) dz (n = 1, 3, 5, . . .).
They are called “local” integrals of motion. One expects also the existence of an infinite family of “non-
local” integrals of motion given by multiple integrals of products of screening currents. The bosonic ones
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associated with U+
q1
ŝl2 ⊗ U
+
q2
ŝl2 ⊗ U
+
q3
ŝl2 are discussed in [BL]. Little is known about non-local integrals of
motion associated with U+
q
Dˆ(2, 1;α).
3. Deformed Screening Currents
In this section, we q-deform the screening currents considered in the previous section. We fix q ∈ C×
satisfying |q| < 1, and use the standard symbol [x] = (qx − q−x)/(q − q−1).
Unlike the conformal case, we use here four free fields
ai(z) = Qai + ai,0 log z −
∑
n 6=0
ai,n
n
z−n , i = 0, 1, 2, 3.
We choose {ai,n | n 6= 0, i = 0, 1, 2, 3} to be an independent set of oscillators. Concerning the zero modes,
however, we assume linear relations
a0,0 + a1,0 + a2,0 + a3,0 = 0 , Qa0 +Qa1 +Qa2 +Qa3 = 0 .
Hence the entire Fock space decomposes into sectors
H =
⊕
β
Hβ , Hβ = C[ai,−n | n > 0, i = 0, 1, 2, 3] ⊗ Ce
β ,
with the momentum β running over the same three dimensional space ⊕3i=1CQai as in the CFT case.
We set the following commutation relations among the Fourier modes,
[ai,n, ai,−n] = n , [ai,0, Qai ] = 1 ,(3.1)
[a0,n, ai,−n] = n
[(ki + 1)n]
[n]
, [a0,0, Qai ] = ki + 1 ,(3.2)
[a1,n, a2,−n] = n
[(k3 + 1)n]
[n]
, [a1,0, Qa2 ] = k3 + 1 & cycl..(3.3)
All other commutators are zero.
Fermionic screening currents in the deformed case are still pure exponentials,
σi(z) =: e
ai(z) : , i = 0, 1, 2, 3.(3.4)
Eq. (3.1) ensures that the σi(z)’s are ordinary fermions. On the other hand, deformed bosonic screening
currents ρi(z), τi(z) (i = 1, 2, 3) are sums of two exponential terms
ρi(z) =
1
(q − q−1)z
(
: er
+
i (z) : − : er
−
i (z) :
)
,(3.5)
τi(z) =
1
(q − q−1)z
(
: et
+
i (z) : − : et
−
i (z) :
)
.(3.6)
The exponents are given by
r±1 (z) = −a2(k1 + 2; z) − a3(k1 + 2; q
∓(k1+2)z) & cycl.,
t±i (z) = −a0(ki + 2; z) − ai(ki + 2; q
∓(ki+2)z) ,
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where
ai(N ; z) =
1
N
(Qai + ai,0 log z)−
∑
n 6=0
[n]
[Nn]
ai,n
n
z−n .
It is easy to see that (3.4), (3.5), (3.6) tend to the CFT counterparts in the limit q → 1. Screening operators
are defined by
σi =
∫
σi(z) dz , ρj =
∫
ρj(z) dz , τj =
∫
τj(z) dz .
These operators make sense on sectors Hβ with appropriate β. More precisely, σi is well-defined if [ai,0, β] ∈
Z, while ρ1, τ1 are well-defined if [a2,0 + a3,0, β] ∈ (k1 + 2)Z.
Proposition 3.1. The following relations hold true
[σi, ρj ]+ = [σi, τj]+ = 0 (i = 0, 1, 2, 3, j = 1, 2, 3) ,
[ρi, ρj ] = [ρi, τj] = [τi, τj ] = 0 (i, j = 1, 2, 3, i 6= j) ,
on each sector Hβ such that the left hand sides are defined.
Proof. We use contraction rules given in Table 1 and Table 2 in Appendix C, along with the following
identities.
r+1 (z)− r
−
1 (z) = a3(qz)− a3(q
−1z) ,(3.7)
r+1 (q
k1+2z)− r−1 (q
−k1−2z) = a2(q
−1z)− a2(qz) ,(3.8)
t+1 (z)− t
−
1 (z) = a1(qz)− a1(q
−1z) ,(3.9)
t+1 (q
k1+2z)− t−1 (q
−k1−2z) = a0(q
−1z)− a0(qz) .(3.10)
As an example let us verify the anti-commutativity between σ2 and ρ1. We find from Table 1
(q − q−1)zρ1(z) · σ2(w) =
1
q−k1−1z − w
: er
+
1 (z)+a2(w) : −
1
qk1+1z − w
: er
−
1 (z)+a2(w) : ,
σ2(w) · (q − q
−1)zρ1(z) =
1
w − q−k1−1z
: er
+
1 (z)+a2(w) : −
1
w − qk1+1z
: er
−
1 (z)+a2(w) : .
Upon integration and shifting contours, we obtain
(q − q−1)[ρ1, σ2]+ =
∫
dz
z
(
: er
+
1 (z)+a2(q
−k1−1z) : − : er
−
1 (z)+a2(q
k1+1z) :
)
=
∫
dz
z
(
: er
+
1 (q
k1+2z)+a2(qz) : − : er
−
1 (q
−k1−2z)+a2(q−1z) :
)
.
Now it suffices to apply (3.8) which implies r+1 (q
k1+2z) + a2(qz) = r
−
1 (q
−k1−2z) + a2(q
−1z).
The other cases can be verified similarly. 
In the following sections we shall explain the algebraic background of these formulas. We shall show that
the deformed screening currents are closely connected with generators of quantum toroidal algebras, see
Proposition 5.1 and discussions in Section 6.
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4. Quantum Toroidal gl2
In this section we introduce actions of the quantum toroidal gl2 algebra E2(q1, q2, q3) on the total Fock
space H. For that purpose, we start from the Wakimoto representation of the quantum affine algebra
Uq ŝl2 ⊂ E2(q1, q2, q3).
The Wakimoto representation is defined on the Fock space of three free fields [Sh]. Re-expressing them
in terms of ai(z), i = 1, 2, 3, we are led to a realization of the Wakimoto representation on our Fock space
H. Leaving the technical details to Appendix B, we present the result below.
Let us introduce fields u±1 (z), v
±
1 (z),
u±1 (z) = Qu1 + u1,0 log z ∓ a3,0 log q −
∑
n 6=0
u±1,n
n
z−n ,(4.1)
v±1 (z) = −
(
Qu1 + u1,0 log z
)
± a2,0 log q −
∑
n 6=0
v±1,n
n
z−n .(4.2)
The oscillator part is given by
u+1,n =

[n]
[(k3+2)n]
(
qk1na1,n + q
−(k2+2)na2,n
)
(n < 0),
− [n][(k2+2)n]
(
a1,n + q
−(k2+2)na3,n
)
(n > 0),
(4.3)
u−1,n = u
+
1,n − (q
n − q−n)a3,n ,(4.4)
v−1,n =
−
[n]
[(k3+2)n]
(
a1,n + q
−(k3+2)na2,n
)
(n < 0),
[n]
[(k2+2)n]
(
qk1na1,n + q
−(k3+2)na3,n
)
(n > 0),
(4.5)
v+1,n = v
−
1,n − (q
n − q−n)a2,n .(4.6)
The zero mode part is
Qu1 = Q
0
u1 + sQ¯u1 , u1,0 = u
0
1,0 +
s
1 + k1s
u¯1,0 ,(4.7)
with
Q0u1 =
1
k3 + 2
(
Qa1 +Qa2
)
, u01,0 = −
1
k2 + 2
(
a1,0 + a3,0
)
,(4.8)
Q¯u1 =
1
k3 + 2
(
k1Qa1 − (k2 + 2)Qa2 − (k3 + 2)Qa3
)
,(4.9)
u¯1,0 =
1
k2 + 2
(
k1a1,0 − (k2 + 2)a2,0 − (k3 + 2)a3,0
)
.(4.10)
Here s is an arbitrary parameter. We will make a specific choice later on, see (5.3).
Set further
h1,0 = −
1
1 + k1s
u¯1,0 ,(4.11)
h1,n =
1
n
(
[k1n]a1,n − [(k2 + 2)n]a2,n − [(k3 + 2)n]a3,n
)
×
{
− [n][(k2+2)n] (n > 0),
[n]
[(k3+2)n]
(n < 0).
(4.12)
Let E1(z), F1(z),K
±1
1 ,H1,n (n 6= 0) be the standard generators of Uq ŝl2 (for our convention see Appendix
A).
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Proposition 4.1. The following assignment gives the Wakimoto representation of Uq ŝl2 of level q
k1:
− (q − q−1)E1(z) 7→: e
u+1 (z) : − : eu
−
1 (z) : , (q − q−1)F1(z) 7→: e
v+1 (z) : − : ev
−
1 (z) : ,(4.13)
K1 7→ q
h1,0 , H1,n 7→ h1,n .(4.14)
On the Fock space H we have an extra boson consisting of {a0,n}. The combination
Zn = (q
n + q−n)a0,n +
3∑
i=1
(q(ki+1)n + q−(ki+1)n)ai,n
is a Heisenberg algebra commuting with {ai,n}, i = 1, 2, 3, and hence with the action of Uq ŝl2. Altogether
we have a representation of Uqĝl2 on H. This representation can be further lifted to one of E2(q1, q2, q3) via
the following evaluation morphism:
Proposition 4.2. [Mi] Let E¯2(q1, q2, q3) denote the quotient of E2(q1, q2, q3) by the relation C = q3, where
C denotes the central element. Then there exists a homomorphism of algebras E¯2(q1, q2, q3)→ Uqĝl2.
We use the formulas in [FJM1] for the evaluation homomorphism to arrive at the following conclusion.
Theorem 4.3. Let E2,1 denote the quantum toroidal algebra E2(q1, q2, q3) with parameters
q1 = q
−k1−2 , q2 = q
2 , q3 = q
k1 .
Then the following assignment along with (4.13), (4.14) gives a representation pi1 : E2,1 → EndH.
− (q − q−1)E0(z) 7→: e
uˆ+1 (z) : − : euˆ
−
1 (z) : , (q − q−1)F0(z) 7→: e
vˆ+1 (z) : − : evˆ
−
1 (z) : ,(4.15)
K0 7→ q
−h1,0 , H0,n 7→ hˆ1,n ,(4.16)
where
uˆ±1 (z) = −
(
Qu1 + u1,0 log z
)
∓ a2,0 log q −
∑
n 6=0
uˆ±1,n
n
z−n ,(4.17)
vˆ±1 (z) = Qu1 + u1,0 log z ± a3,0 log q −
∑
n 6=0
vˆ±1,n
n
z−n ,(4.18)
hˆ1,n =
1
n
(
[k1n]a0,n − [(k3 + 2)n]a2,n − [(k2 + 2)n]a3,n
)
×
{
− [n][(k2+2)n] (n > 0),
[n]
[(k3+2)n]
(n < 0),
(4.19)
and
uˆ+1,n =

[n]
[(k3+2)n]
(
qk1na0,n + q
−(k2+2)na3,n
)
(n < 0)
− [n][(k2+2)n]
(
a0,n + q
−(k2+2)na2,n
)
(n > 0)
(4.20)
uˆ−1,n = uˆ
+
1,n − (q
n − q−n)a2,n ,(4.21)
vˆ−1,n =
−
[n]
[(k3+2)n]
(
a0,n + q
−(k3+2)na3,n
)
(n < 0)
[n]
[(k2+2)n]
(
qk1na0,n + q
−(k3+2)na2,n
)
(n > 0)
(4.22)
vˆ+1,n = vˆ
−
1,n − (q
n − q−n)a3,n .(4.23)
Lemma 4.4. The bosonic screening ρ1 and the fermionic screenings σ2, σ3 (anti-)commute with the action
of E2,1.
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Proof. This can be verified in the same way as in Proposition 3.1. We use Table 3 and the identities
u+1 (z) − u
−
1 (z) = −a3(qz) + a3(q
−1z) ,
v+1 (z)− v
−
1 (z) = −a2(q
−1z) + a2(qz) ,
uˆ+1 (z) − uˆ
−
1 (z) = −a2(qz) + a2(q
−1z) ,
vˆ+1 (z)− vˆ
−
1 (z) = −a3(q
−1z) + a3(qz) .

Cyclically permuting the indices (1, 2, 3), we obtain three different actions of quantum toroidal gl2 algebras
on H.
Corollary 4.5. Let E2,i = E2(q
−ki−2, q2, qki), i = 1, 2, 3. Then there exist representations pii : E2,i → EndH.
We are not aware of any reasonable relations between algebras E2,i with different i. These actions do not
mutually commute, in fact even the quantum affine subalgebras do not. The situation is different from the
quantum toroidal (glm, gln) duality [FJM2] where the quantum toroidal algebras do not commute but the
quantum affine subalgebras mutually commute.
5. Integrals of Motion
In [FJM] it was shown that the standard transfer matrix construction provides a commutative subalgebra
inside a completion of E2. By “transfer matrix” we mean a weighted trace of the universal R matrix of E2.
In the course of taking trace, one is naturally led to consider dressed currents
F dressi (z, p) = Fi(z)
∏
ℓ≥0
K¯+i
(
pℓz
)−1
= Fi(z) exp
(
−(q − q−1)
∑
n>0
1
1− pn
Hi,nz
−n
)
.
The Taylor coefficients of the transfer matrix are then multiple integrals involving products of the dressed
currents, giving the deformed analog of the “non-local integrals of motion”. The aim of this section is to
discuss integrals of motion
We begin by observing that the bosonic screening currents ρi(z), τi(z) are the images of these dressed
currents on the Fock space H, modulo a simple modification in the zero mode. In the following we set
pi = q
2(ki+2) , i = 1, 2, 3 ,
and assume that |pi| < 1 for i = 1, 2, 3. This implies in particular that |q
4| = |p1p2p3| < 1.
Proposition 5.1. We have the relations
zρ3(z) = e
sQ¯u1pi1
(
F dress1 (z, p3)
)
z−λh1,0 ,
zτ3(z) = e
−sQ¯u1pi1
(
F dress0 (z, p3)
)
zλh1,0 ,
where Q¯u1 is given in (4.9) and
λ =
1− (k2 + 2)s
k3 + 2
.
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Proof. This follows from the identities
r±3 (z)− v
±
1 (z) = sQ¯u1 − λh1,0 log z − (q − q
−1)
∑
n>0
1
1− pn3
h1,nz
−n ,
t±3 (z)− vˆ
±
1 (z) = −sQ¯u1 + λh1,0 log z − (q − q
−1)
∑
n>0
1
1− pn3
hˆ1,nz
−n ,
which can be checked directly using (4.1)–(4.12), (4.17)–(4.23) and (4.7). 
Proposition 5.1 allows us to rewrite
y∏
1≤j≤N
pi1
(
F dress0 (x0,j , p3)
) y∏
1≤j≤N
pi1
(
F dress1 (x1,j , p3)
)
=
y∏
1≤j≤N
x0,jτ3(x0,j)
y∏
1≤j≤N
x1,jρ3(x1,j)×
N∏
j=1
x
2j
k3+2
0,j x
− 2(N−j)
k3+2
1,j
N∏
j=1
(x1,j
x0,j
)λh1,0
,
where
∏
y
1≤j≤N Aj = A1A2 · · ·AN . Inserting this into the known expressions for the integrals of motion
associated with the quantum toroidal gl2 algebra [FJM] we obtain the following formula
1
G
(ν)
1,N =
∫
· · ·
∫ ∏
1≤j≤N
t=0,1
dxt,j
xt,j
y∏
1≤j≤N
x0,jτ3(x0,j)
y∏
1≤j≤N
x1,jρ3(x1,j) ·K
(ν)
1,N
(
x; p3
)
,(5.1)
where x = (x0,1, . . . , x0,N , x1,1, . . . , x1,N ), ν = 0, 1,
K
(ν)
1,N
(
x; p
)
=
∏
t=0,1
∏
j<lΘp(xt,l/xt,j , q
2xt,l/xt,j)∏
j,lΘp(q
k1+2x1,l/x0,j, q−k1x1,l/x0,j)
ϑν
(
qh1,0/2
N∏
j=1
x1,j
x0,j
, p
)
(5.2)
×
N∏
j=1
x
1−2j+ 2j
k3+2
0,j x
1−2(N−j)− 2(N−j)
k3+2
1,j
( N∏
j=1
x1,j
x0,j
)λh1,0
,
and Θp(z) =
∏∞
n=1(1− p
n−1z)(1− pnz−1)(1− pn), ϑν(z, p) =
∑
n∈Z+ν/2 p
n2z2n. The contours of integration
are deformations of the unit circle |x0,j | = |x1,j| = 1 from the domain where the parameters satisfy |q
−k1−2| <
1, |qk1 | < 1. More specifically, for each i = 0, 1 and j = 1, . . . , N , the xi,j integration contour is such that
the series of poles
pm3 q
−k1−2x1−i,l , p
m
3 q
k1x1−i,l (1 ≤ l ≤ N,m ≥ 0)
are inside and
p−m3 q
k1+2x1−i,l , p
−m
3 q
−k1x1−i,l (1 ≤ l ≤ N,m ≥ 0)
are outside.
From now on, we choose
s =
1
2(k2 + 2)
(5.3)
so that λ = 12(k3+2) . The point of the choice (5.3) is to make the kernel function (5.2) quasi-periodic, having
a factor of quasi-periodicity independent of h1,0. That is,
1We use [FJM], eq.(3.11), choosing p¯1 = 1 in the argument of ϑν . Also the factor q
−H1,0/2 there should be corrected to
qH1,0/2.
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Lemma 5.2. We have
K
(ν)
1,N (x; p)
∣∣
x0,j→px0,j
= q2K
(ν)
1,N (x; p) , K
(ν)
1,N (x; p)
∣∣
x1,j→px1,j
= q2K
(ν)
1,N (x; p) .
Proof. This can be checked directly using Θp(pz) = −z
−1Θp(z), ϑν(pz; p) = p
−1z−2ϑν(z; p). 
With the choice (5.3), and after normal ordering, the integrand of (5.1) comprises only integer powers
except for the factor (
∏N
j=1 x1,j/x0,1)
u1,0 , where u1,0 given in (4.7) simplifies to
u1,0 =
1
k3 − k2
(
2a1,0 + a2,0 + a3,0
)
.
Hence the action of Uq ŝl2 ⊂ E2,1 and G
(ν)
1,N are defined on sectors on which 2a1,0+ a2,0+ a3,0 has eigenvalues
in (k3 − k2)Z.
Cyclically permuting the indices (1, 2, 3) we obtain three kinds of integrals of motion G
(ν)
i,N associated
with E2,i, i = 1, 2, 3. These operators are well-defined on sectors HN1,N2,N3 (Ni ∈ Z) on which ai,0 have
eigenvalues
a1,0 =
3
4
(k2 − k3)N1 −
1
4
(k3 − k1)N2 −
1
4
(k1 − k2)N3 & cycl..
Even though the algebras E2,i do not commute with each other, the corresponding integrals of motion do.
The following “triality” is the main result of this paper.
Theorem 5.3. On sectors HN1,N2,N3 , the three kinds of integrals of motion are mutually commutative.
Namely we have
[G
(µ)
i,M ,G
(ν)
j,N ] = 0 (i, j = 1, 2, 3 ,M,N ≥ 1 , µ, ν = 0, 1) .
Proof. When i = j the commutativity is known (and is evident by construction). So it suffices to consider
i = 1, j = 2. The product G
(µ)
1,MG
(ν)
2,N is an integral∫
· · ·
∫ ∏
1≤j≤M
t=0,1
dxt,j
xt,j
∏
1≤l≤M
t=0,1
dyt,l
yt,l
K
(µ)
1,M (x; p3)K
(ν)
2,N (y; p1)
×
y∏
1≤j≤M
x0,jτ3(x0,j)
y∏
1≤j≤M
x1,jρ3(x1,j)
y∏
1≤l≤N
y0,lτ1(y0,l)
y∏
1≤l≤N
y1,lρ1(y1,l) .
From Table 2, contractions of τ3(x0,j) or ρ3(x1,j) with τ1(y0,l) or ρ1(y1,l) are rational functions with sim-
ple poles. The commutator [G
(µ)
1,M ,G
(ν)
2,N ] is a sum of terms obtained by taking residues from each such
contraction.
Let us use z, w to represent variables that enter the relevant contraction. There are four cases to consider,
ρ±3 (z)ρ
±
1 (w) = q
∓1 1− q
∓k1w/z
1− q∓(k1+2)w/z
: er
±
3 (z)+r
±
1 (w) : + · · · ,
ρ±3 (z)τ
±
1 (w) = q
±1 1− q
±k3w/z
1− q±(k3+2)w/z
: er
±
3 (z)+t
±
1 (w) : + · · · ,
τ∓3 (z)ρ
±
1 (w) = q
±1 1− q
∓2w/z
1− w/z
: et
∓
3 (z)+r
±
1 (w) : + · · · ,
τ∓3 (z)τ
±
1 (w) = q
∓1 1− q
±(k2+2)w/z
1− q±k2w/z
: et
±
3 (z)+t
±
1 (w) : + · · · .
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In the first three cases, integration with respect to z yields the same term with opposite signs, due to the
identities which follow from (3.7)–(3.10):
r+3 (w)− r
−
3 (w) = −r
+
1 (q
k1+2w) + r−1 (q
−k1−2w) ,
r+3 (q
k3+2w)− r−3 (q
−k3−2w) = −t+1 (w) + t
−
1 (w) ,
t+3 (w) − t
−
3 (w) = r
+
1 (w) − r
−
1 (w) .
Therefore the residues sum up to zero. In the last case we need a shift of arguments. Noting that p1q
k2 =
p−13 q
−k2 , we have (
t−3 (q
k2w) + t+1 (w)
)∣∣
w→p1w
−
(
t+3 (q
−k2w) + t−1 (w)
)
= −
(
t+3 (q
−k2w)− t−3 (p
−1
3 q
−k2w)
)
+
(
t+1 (p1w)− t
−
1 (w)
)
= 0 .
Thanks to Lemma 5.2, the product of the kernel functions remains unchanged under this shift,
K
(µ)
3,M (x; p3)
∣∣
xj,0→p
−1
3 xj,0
K
(ν)
1,N (y; p1)
∣∣
yl,0→p1yl,0
= K
(µ)
3,M (x; p3)K
(ν)
1,N (y; p1) .
Case by case analysis shows that the contours also match after shift. 
6. D(2, 1;α) structure
Finally we make some comments regarding the deformed fermionic screening currents and the possible
connection with the “quantum toroidal D(2, 1;α)” algebra.
Let us begin with the affine superalgebra Dˆ(2, 1;α) with α = k1/(k3 + 2). We choose all simple roots αi
to be fermionic, that is (αi, αi) = 0, so that the Dynkin diagram is as in figure 1 below. The quantum affine
superalgebra UqDˆ(2, 1;α) has been studied in [HSTY], where the Drinfeld realization is obtained. Here we
take the deformation parameter as q = q−k3−2.
We are interested only in the Borel subalgebra of UqDˆ(2, 1;α). The latter is generated by commutative
elements hi,n and fermionic currents ξi(z) (i = 1, 2, 3, n > 0), satisfying
[hi,n, ξj(z)] =
[(αi, αj)n]
n
zn ξj(z) ,(6.1)
(z − q(αi,αj)w)ξi(z)ξj(w) = (w − q
(αi,αj)z)ξj(w)ξi(z) ,(6.2)
[(α1, α3)][[[[ξ1(z1), ξ2(z2)]], ξ3(z3)]] = [(α1, α2)][[[[ξ1(z1), ξ3(z3)]], ξ2(z2)]] & cycl. .(6.3)
Here, for elements X, Y of parity X¯, Y¯ ∈ {0, 1} and weight wtX,wtY we set
[[X,Y ]] = XY − (−)X¯Y¯ q−(wtX,wtY )Y X .
To our knowledge, quantum toroidal version of theD(2, 1;α) algebra has not been defined in the literature.
Guided by the usual construction of quantum toroidal algebras, we consider an algebra B generated by
symbols hi,n, ξi(z) for i = 0, 1, 2, 3 satisfying (6.1)–(6.3) for all i, j, k ∈ {0, 1, 2, 3}. We take B as a working
definition of the Borel part of the quantum toroidal D(2, 1;α) algebra.
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k2 + 2
k3 + 2k1
k1k3 + 2
k2 + 2
⊗
⊗
⊗⊗
2
0
3 1
Figure 1. Dynkin diagram of Dˆ(2, 1;α), α = k1k3+2 The numbers inscribed on the edges
indicate the scalar product of roots, e.g., (α0, α1) = k1.
It is not hard to find a free field realization of B. Let
εi =
{
1 i = 0, 1 ,
−1 i = 2, 3 ,
and define matrices A,B by
Ai,j = εiεjq
−(αi,αj)εiεjn , Bi,j = q
(αi,αj)n − q−(αi,αj)n , i, j ∈ {0, 1, 2, 3}.
Introducing one pair of zero mode Q, a with [a,Q] = 1, we consider fields
xi(z) = εi
(
Q+ a log z
)
−
∑
n 6=0
xi,n
n
z−n , i = 0, 1, 2, 3 ,
where the oscillators xi,n satisfy
[xi,n, xj,−n] = nAi,j .
Then the following assignment gives a realization of (6.1)–(6.3) with i = 0, 1, 2, 3.
ξi(z) 7→: e
xi(z) : ,
(q − q−1)nhi,n 7→
3∑
j=0
(BA−1)i,jxj,n .
The fermionic fields ai(z) considered in the previous sections can be viewed as currents dressed from xi(z)
by hi,n. Indeed, setting
ai,n = xi,n − (q − q
−1)
q2n
1− q2n
nhi,n ,
ai,−n = xi,−n ,
for n > 0, we obtain
[ai,n, aj,−n] = n
[((αi, αj) + εiεj)n]
[n]
.
These are exactly the relations (3.1),(3.3),(3.2) for the oscillator part of ai(z).
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The quantum toroidal D(2, 1;α) algebra and its commutative subalgebra warrant further investigation.
For that purpose the shuffle algebra approach might be useful. We hope to return to this subject in the
future.
Appendix A. Quantum toroidal gl2 algebra
We give here the defining relations of quantum toroidal gl2 algebra E2 = E2(q1, q2, q3).
Let (ai,j) =
(
2 −2
−2 2
)
be the Cartan matrix of type A
(1)
1 . Define q, d by q2 = q
2, q1 = d/q and
q3 = 1/(dq). For r 6= 0 we set
ai,j(r) =
[r]
r
×
{
qr + q−r (i ≡ j mod 2),
−dr − d−r (i 6≡ j mod 2).
We set further
gi,j(z, w) =
{
z − q2w (i ≡ j mod 2),
(z − q1w)(z − q3w) (i 6≡ j mod 2).
Algebra E2(q1, q2, q3) is generated by elements Ei,k, Fi,k,Hi,r and invertible elements Ki, C, where i = 0, 1,
k ∈ Z, r ∈ Z\{0}. We present below the defining relations in terms of generating series
Ei(z) =
∑
k∈Z
Ei,kz
−k, Fi(z) =
∑
k∈Z
Fi,kz
−k,
K±i (z) = K
±1
i K¯
±
i (z) , K¯
±
i (z) = exp
(
±(q − q−1)
∑
r>0
Hi,±rz
∓r
)
.
The relations are as follows.
C,K relations
C is central, K0K1 = 1 .
KiEj(z)K
−1
i = q
ai,jEj(z) , KiFj(z)K
−1
i = q
−ai,jFj(z) .
H-H, H-E and H-F relations For r 6= 0,
[Hi,r, Ej(z)] = ai,j(r)C
−(r+|r|)/2 zrEj(z) ,
[Hi,r, Fj(z)] = −ai,j(r)C
−(r−|r|)/2 zrFj(z) ,
[Hi,r,Hj,s] = δr+s,0ai,j(r)
Cr − C−r
q − q−1
.
E-F relations
[Ei(z), Fj(w)] =
δi,j
q − q−1
(δ
(
C
w
z
)
K+i (w) − δ
(
C
z
w
)
K−i (z)) .
E-E and F -F relations
(−1)i+jgi,j(z, w)Ei(z)Ej(w) + gj,i(w, z)Ej(w)Ei(z) = 0,
(−1)i+jgj,i(w, z)Fi(z)Fj(w) + gi,j(z, w)Fj(w)Fi(z) = 0.
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Serre relations For i 6= j,
Symz1,z2,z3 [Ei(z1), [Ei(z2), [Ei(z3), Ej(w)]q2 ]]q−2 = 0 ,
Symz1,z2,z3 [Fi(z1), [Fi(z2), [Fi(z3), Fj(w)]q2 ]]q−2 = 0 .
In the above we set [A,B]p = AB − pBA and
Sym f(x1, . . . , xN ) =
1
N !
∑
π∈SN
f(xπ(1), . . . , xπ(N)) .
We identify the quantum affine algebra Uq ŝl2 with the subalgebra of E2(q1, q2, q3) generated byE1(z), F1(z),H1,r
and K±11 , C
±1.
Appendix B. Comparison with Wakimoto representation
In this section we explain the connection between the representation of E2 in section 4 and the Wakimoto
representation of Uq ŝl2.
In [Sh], the Wakimoto representation of level qk is written in terms of the generators
zJ+(z) = E1(q
−k−2z) , zJ−(z) = F1(q
−k−2z) ,
J3n = q
kn/2H1,n , ψ(z) = K
+
1 (q
−k/2z) , ϕ(z) = K−1 (q
−k/2z) ,
using three free fields a(z), b(z), c(z). Non-trivial commutation relations among the Fourier modes of the
latter are
[a0, Qa] = 2(k + 2) , −[b0, Qb] = [c0, Qc] = 4 ,(B.1)
[an, a−n] =
[2n][(k + 2)n]
n
, −[bn, b−n] = [cn, c−n] =
[2n]2
n
.(B.2)
For x = a, b, c we set
x(L;M,N |z;α) =
L
MN
Qx +
L
MN
x0 log z −
∑
n 6=0
[Ln]
[Mn][Nn]
xnz
−nqα|n| ,
x(N |z;α) = x(L;L,N |z;α) .
Theorem B.1. [Sh] The following formula gives the Wakimoto representation of Uq ŝl2 of level q
k.
− (q − q−1)zJ+(z) =: eu˜
+(z) : − : eu˜
−(z) : ,
(q − q−1)zJ−(z) =: ev˜
+(z) : − : ev˜
−(z) : ,
ψ(z) = qa0+b0e(q−q
−1)
∑
n>0 J
3
nz
−n
,
ϕ(z) = q−a0−b0e−(q−q
−1)
∑
n>0 J
3
−nz
n
,
where
J3n = q
2n−|n|an + q
(k+2)n− k+2
2
|n|bn ,
u˜±(qk+2z) = −b(2|z; 1) − c(2|q±1z; 0) ,
v˜±(qk+2z) = a(k + 2|qk+2±kz;−
k + 2
2
)− a(k + 2|qkz;
k + 2
2
) + b(2|q±(k+2)z;−1) + c(2|q±(k+1)z; 0) .
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In addition the Wakimoto screening current is given by
− (q − q−1)zJS(z) =: er˜
+(z) : − : er˜
−(z) : ,
r˜±(qk+2z) = −a(k + 2|qkz;−
k + 2
2
)− b(2|z;−1) − c(2|q±1z; 0) .

It is also straightforward to find two fermionic screening currents for Uq ŝl2
σ˜2(z) =: e
a(1|q−2z;− k+2
2
)+b(k+2;1,2|q−k−2z;−1)+c(k+1;1,2|q−k−2z;0) : ,
σ˜3(z) =: e
c(2|q−k−2z;0) : .
Now we take k = k1. Our task is to relate the free fields a(z), b(z), c(z) with a1(z), a2(z), a3(z). To this end
we identify σi(z) with σ˜i(q
k+2z), i = 2, 3. Comparison with the CFT case suggests that they commute with
the Heisenberg subalgebra spanned by H1,n, i.e., [H1,n, a2,m] = [H1,n, a3,m] = 0. This fixes H1,n uniquely up
to a scalar multiple. Taking the normalization into account we obtain H1,n = h1,n where
h1,n =
1
n
(
[k1n]a1,n − [(k2 + 2)n]a2,n − [(k3 + 2)n]a3,n
)
×
{
− [n][(k2+2)n] (n > 0),
[n]
[(k3+2)n]
(n < 0).
(B.3)
The CFT case suggests also that we compare the bosonic screening current ρ1(z) with the Wakimoto
screening current −JS(qk+2z). Equating the oscillator part and using the relation J3n = q
kn/2h1,n, we can
solve an, bn, cn (n 6= 0) for h1,n, a2,n, a3,n as follows.
nq−kn+
k+2
2
|n|an =
[(k + 2)n]
[kn]
q
k
2
(|n|−n)−2nnh1,n −
[n][2n]
[kn]
a2,n +
[(k + 1)n][2n]
[kn]
a3,n ,(B.4)
nq|n|bn = −
[2n]
[kn]
q−
k
2
(n+|n|)−2nnh1,n +
[n][2n]
[kn]
a2,n −
[(k + 1)n][2n]
[kn]
a3,n ,(B.5)
ncn = [2n]a3,n .(B.6)
From the zero mode of σi(z) we have
1
2
Qc = Qa3 , Qa +
k + 2
2
Qb +
k + 1
2
Qc = Qa2 ,
1
2
c0 = a3,0 , a0 +
k + 2
2
b0 +
k + 1
2
c0 = a2,0 .
Thus we get −(q − q−1)E1(z) =: e
u+1 (z) : − : eu
−
1 (z) :, (q − q−1)F1(z) =: e
v+1 (z) : − : ev
−
1 (z) : with
u±1 (z) = u˜
±(qk+2z) = Qu1 + u1,0 log z ∓ a3,0 log q −
∑
n 6=0
u±1,n
n
z−n ,
v±1 (z) = v˜
±(qk+2z) = −
(
Qu1 + u1,0 log z
)
± a2,0 log q −
∑
n 6=0
v±1,n
n
z−n .
Formulas for u±1,n, v
±
1,n are obtained by using (B.3) and (B.4)–(B.6). The result is given in (4.1) and (4.2).
It remains to express the zero mode
Qu1 = −
1
2
(
Qb +Qc
)
, u1,0 = −
1
2
(b0 + c0) ,
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in terms of Qai and ai,0. We have
[u1,0, Qu1 ] = 0, [u1,0, Qa2 ] = 1 , [u1,0, Qa3 ] = −1 ,
[a2,0, Qu1 ] = 1 , [a3,0, Qu1 ] = −1 .
These equations admit a one-parameter family of solutions (4.7), (4.8)–(4.10) given in the main text.
For any choice of s, we have an identification
Qa = (k1 + 2)Qu1 +Qa2 +Qa3 , Qb = −2Qu1 − 2Qa3 , Qc = 2Qa3 ,
a0 = (k1 + 2)u1,0 + a2,0 + a3,0 , b0 = −2u1,0 − 2a3,0 , c0 = 2a3,0 ,
h1,0 = a0 + b0 = −
1
1 + k1s
u¯1,0 .
Finally the bosonic screening current is related to the Wakimoto screening current by
ρ1(q
−k−2z) = −JS(z) q
k
k+2
a0 .
The factor a0 does not affect the screening property because it commutes with J
±(z), J3(z).
Appendix C. Contractions
In this section we summarize contractions among various currents used in the text. We write
ρ±j (z) =: e
r±j (z) : , τ±j (z) =: e
t±j (z) : .
In the following all relations hold true under simultaneous cyclic permutations of indices (1, 2, 3), so we write
only typical cases and omit writing “& cycl.”.
Contractions for σi(z)
σi(z)σi(w) = (z − w) : e
ai(z)+ai(w) : ,
σ0(z)σ1(w) = z
k1+1 (q
−k1w/z; q2)∞
(qk1+2w/z; q2)∞
: ea0(z)+a1(w) : ,
σ1(w)σ0(z) = w
k1+1 (q
−k1z/w; q2)∞
(qk1+2z/w; q2)∞
: ea0(z)+a1(w) : ,
σ2(z)σ3(w) = z
k1+1 (q
−k1w/z; q2)∞
(qk1+2w/z; q2)∞
: ea2(z)+a3(w) : ,
σ3(w)σ2(z) = w
k1+1 (q
−k1z/w; q2)∞
(qk1+2z/w; q2)∞
: ea2(z)+a3(w) : .
Contractions for σi(z) and ρ
±
j (z), τ
±
j (z) In all cases we have equalities (in the sense of matrix elements)
ρ±j (z)σi(w) = −σi(w)ρ
±
j (z) , τ
±
j (z)σi(w) = −σi(w)τ
±
j (z) .
The contractions are given by the following Table 1. The entries in the table are the coefficients XA,B(z, w)
in the product A(z)B(w) = XA,B(z, w) : A(z)B(w) :, where A(z) is taken from the first column and B(w)
from the first row. A similar convention will be used for other tables.
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σ0(w) σ1(w) σ2(w) σ3(w)
ρ±1 (z) q
±(k3+1)z − w q±(k2+1)z − w (q∓(k1+1)z − w)−1 (q∓1z −w)−1
τ±1 (z) (q
∓(k1+1)z − w)−1 (q∓1z − w)−1 q±(k3+1)z − w q±(k2+1)z − w
Table 1.
Contractions for ρ±i (z) and τ
±
i (z)
ρǫ11 (z)ρ
ǫ2
1 (w) = z
2
k1+2 q−ǫ1
(p1q
−2w/z; p1)∞
(q2w/z; p1)∞
fǫ1ǫ2(w/z) : e
r
ǫ1
1 (z)+r
ǫ2
1 (w) : ,
τ ǫ11 (z)τ
ǫ2
1 (w) = z
2
k1+2 q−ǫ1
(p1q
−2w/z; p1)∞
(q2w/z; p1)∞
fǫ1ǫ2(w/z) : e
t
ǫ1
1 (z)+t
ǫ2
1 (w) : ,
τ ǫ11 (z)ρ
ǫ2
1 (w) = z
− 2
k1+2 qǫ1
(q−k2w/z, p1q
k2+2w/z; p1)∞
(q−k2−2w/z, p1qk2w/z; p1)∞
gǫ1ǫ2(w/z) : e
t
ǫ1
1 (z)+r
ǫ2
1 (w) : ,
ρǫ11 (z)τ
ǫ2
1 (w) = z
− 2
k1+2 qǫ1
(q−k2w/z, p1q
k2+2w/z; p1)∞
(q−k2−2w/z, p1qk2w/z; p1)∞
gǫ1ǫ2(w/z) : e
r
ǫ1
1 (z)+t
ǫ2
1 (w) : ,
where
f±,±(z) = 1− z , f±,∓(z) = 1− q
±2z ,
g±,±(z) = 1 , g±,∓(z) =
1− q∓(k2+2)z
1− q∓k2z
.
Contractions for ρ±i (z) and τ
±
j (z) (i 6= j)
Non-trivial contractions are as follows, where double-sign correspondence is implied (notice the upper
index in τ∓1 ).
ρ±1 (w) ρ
±
2 (w) τ
∓
1 (w) τ
±
2 (w)
ρ±1 (z) ∗ q
∓1 z − q
∓k2w
z − q∓(k2+2)w
∗ q±1
z − q±k1w
z − q±(k1+2)w
ρ±2 (z) q
±1 z − q
±k2w
z − q±(k2+2)w
∗ q∓1
z − q±2w
z − w
∗
τ∓1 (z) ∗ q
±1 z − q
∓2w
z − w
∗ q∓1
z − q±(k3+2)w
z − q±k3w
τ±2 (z) q
∓1 z − q
∓k1w
z − q∓(k1+2)w
∗ q±1
z − q∓(k3+2)w
z − q∓k3w
∗
Table 2.
Asterisks indicate cases with the same subindex, which have been treated before. Contractions not
shown in the Table (up to permutation of indices 1, 2, 3) are trivial; for example we have ρ±1 (z)τ
∓
2 (w) =:
er
±
1 (z)+t
∓
2 (w) :.
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Contractions for ρ±1 (z), σ2(z), σ3(z) with generators of E2,1 We set
U±1 (z) =: e
u±1 (z) : , V ±1 (z) =: e
v±1 (z) : , Uˆ±1 (z) =: e
uˆ±1 (z) : , Vˆ ±1 (z) =: e
vˆ±1 (z) : .
We have equalities for i = 2, 3
U ε1(z)ρε21 (w) = ρ
ε2
1 (w)U
ε1(z) , V ε1(z)ρε21 (w) = ρ
ε2
1 (w)V
ε1(z) ,
Uˆ ε1(z)ρε21 (w) = ρ
ε2
1 (w)Uˆ
ε1(z) , Vˆ ε1(z)ρε21 (w) = ρ
ε2
1 (w)Vˆ
ε1(z) ,
U±(z)σi(w) = −σi(w)U
±(z) , V ±(z)σi(w) = −σi(w)V
±(z) ,
Uˆ±(z)σi(w) = −σi(w)Uˆ
±(z) , Vˆ ±(z)σi(w) = −σi(w)Vˆ
±(z) .
ρ±1 (w) ρ
∓
1 (w) σ2(w) σ3(w)
U±1 (z) q
±1 1− q
∓2w/z
1− w/z
q±1 q∓(k1+1)z − w
1
q±1z − w
V ±1 (z) q
∓1 1− q
∓k1w/z
1− q∓(k1+2)w/z
q∓1
1
q∓1z −w
q±(k1+1)z − w
Uˆ∓1 (z) q
∓1 1− q
∓k1w/z
1− q∓(k1+2)w/z
q∓1
1
q∓1z −w
q±(k1+1)z − w
Vˆ ∓1 (z) q
±1 1− q
∓2w/z
1− w/z
q±1 q∓(k1+1)z − w
1
q±1z − w
Table 3.
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